Astrometry is a powerful technique in astrophysics to measure three-dimensional positions of stars and other astrophysical objects, including exoplanets and the gravitational influence they have on each other. Interferometric astrometry is presented here as just one in a suite of powerful astrometric techniques, which include space-based, seeing-limited and wide-angle adaptive optics techniques. Fundamental limits are discussed, demonstrating that even ground-based techniques have the capability for astrometry at the single micro-arcsecond level, should sufficiently sophisticated instrumentation be constructed for both the current generation of single telescopes and long-baseline optical interferometers.
The Promise of Astrometry
Accurate measurements of the time-dependent angular positions of stars and other astrophysical objects are among the most fundamental measurements in astrophysics. Both wide-angle and narrow-angle astrometric measurements have a long history of advancing a broad range of astrophysical topics.
1 Tycho Brahe's sextant produced the first accurate measurements of the planets, enabling Kepler's laws and leading to Newtonian mechanics and gravitation. These measurements were wide-angle measurements, where an instrument has to slew to different stars, making measurements at independent times. The famous measurement of the gravitational deflection of light 2 was an example of a narrow-angle measurement, where a target and many reference stars are observed simultaneously, cancelling out some instrumental effects. More recently, seeing-limited narrow-angle astrometric measurements have focused on parallaxes of nearby stars and detections of exoplanets through their gravitational influence on their host stars. The semi-amplitude of the astrometric signal of an exoplanet is given by:
where M P is the mass of the planet, M S is the mass of the star, a p is the semimajor axis of the planet and is the star's parallax. This means that measuring the astrometric signal from an exoplanet with 1 AU separation is at least M S /M P (about 10 3 for M P = 1 Jupiter mass) times more difficult than measuring stellar parallaxes.
Many recent ground-based astrometric measurements have been controversial, including the famous example of the debunked planet around Barnard's star, 3 and more recently the debunked planet around VB 10. 4, 5 Other measurements are less controversial, for example infrared parallaxes of field brown dwarfs, 6 which provide a determination of the luminosity and fundamental parameters of the coolest objects in the galaxy, not possible by other means. lines, and is arguably not best achieved from space. The Gravity instrument at the Very Large Telescope Interferometer (VLTI) 9 achieves very-narrow-angle astrometric precisions comparable to Gaia, but on much fainter stars. In order to understand the potential role of astrometric interferometry in the broad context of astrometry, we must first understand the fundamental limitations of the technique. With this motivation, this chapter first begins with describing fundamental astrophysical limits to astrometric measurements for given aperture areas and interferometric baselines, and moves on to limitations provided by the Earth's atmosphere in increasing level of detail. Seeing-limited, adaptive-optics assisted and long baseline interferometric techniques are discussed together, with a telescope diameter D or an interferometric baseline B used almost interchangeably.
It is assumed that the reader of this chapter has a basic understanding of atmospheric turbulence theory (i.e., Fried's coherence length and coherence time), a narrow-field optical interferometry and adaptive optics. Electric fields are approximated in this chapter as scalar wavefronts, and we consider vectors and angles in a plane perpendicular to the vector between a telescope and the center of the observed field. Finally, the practical difficulties in building real astrometric instruments is briefly discussed in principle, leading to a discussion of past, present and possible future astrometric interferometers.
Astrometric Precision without the Earth's Atmosphere
For a star of AB magnitude m λ observed with a fractional bandwidth ∆λ/λ, a total aperture area A, integration time ∆T and overall instrument throughput η, the number of photons detected is given by:
An AB magnitude is roughly the same as a Vega magnitude at visible wavelengths, and reaches m Vega − m AB = 1 at ∼1.28 µm. 10 Armed with the knowledge of how many photons are expected from astrophysical sources, we can use maximum likelihood estimation under the assumption of a perfectly sampled point-spread function to determine a target shot-noise limited astrometric error. For image-plane detection with a point-spread function f (α, β) for angular co-ordinates α and β, the photon-limited centroid error from maximum likelihood estimation can be easily shown to be:
Here the point spread function f is assumed to be normalized (i.e., an integral of unity), and N p is the total number of photons recorded in the image. This type of a See Chapter 1 of this Volume for a brief discussion of atmospheric turbulence theory.
relationship can be derived directly from quantum mechanics, 11 or from differentiating the logarithm of the maximum likelihood for a Taylor-expanded point-spread function in the limit of small values of α and small pixels. In practice, uncertainties will be close to these limits as long as the point-spread function is critically sampled (more than 2 pixels per FWHM), the core of the point spread function is significantly brighter than any background, and detector readout noise is negligible compared to any shot noise.
The effective point-spread function size α psf is ∼ 0.33λ/D for a fully-filled diffraction-limited aperture of diameter D, ∼ 0.16λ/B = λ/2πB for a 2-aperture image-plane interferometer of baseline B, or ∼ 0.53θ s for a seeing-limited image with seeing full-width-half-maximum θ s . Note that interferometers do typically have lower throughput than adaptive optics systems, which means that for the same number of photons, an interferometer of baseline B is nearly equivalent to a telescope of diameter D. Equation (3) then means that we can approximately consider an interferometer to be superior to a telescope from a single-star photon-limited perspective whenever
tel . This means that the VLTI with the Auxiliary Telescopes should have better photon-limited astrometric precision than an individual VLT Unit Telescope, but the E-ELT should have better photon-limited precision than even the VLTI with the Unit Telescopes. These fundamental limits correspond to very small angles for typical astrophysical targets, as shown in Fig. 2 . Although incomplete (e.g., not taking into account background noise), this demonstrates that less fundamental effects will limit astrometric precision, such as instrumental imperfections (e.g., imaging system distortions) and high-altitude atmospheric turbulence.
The Effect of the Earth's Atmosphere on Astrometry
In the literature, there are numerous discussions of atmospheric turbulence profiles and appropriate multi-layer atmosphere models.
b In order to simplify analysis of a complex atmosphere with many layers, we will consider atmospheric turbulence from a single layer with at an effective heighth, moving as a frozen flow with an effective velocityv. Both of these quantities come from turbulence-weighted averages throughout the atmosphere of each quantity to the 5/3 power:
Turbulence is stronger towards the lower atmospheric layers, so a typical effective turbulence heighth at a mountaintop site might be 2.5 km, with an effective wind velocityv of 15 m s −1 to 20 m s −1 .
12 By simplifying the atmospheric profile to a single layer, we can also consider our single layer going at an average speedv to have a velocity vectorv. This assumption of course changes some details of this chapter, and any results that require a lucky turbulent layer velocity direction should not be viewed as realistic.
Single Star Astrometry
In the case of single-star (sometimes called wide-angle) astrometry from the ground, the Earth's atmosphere has two key effects -it increases the photon-limited uncertainty due to a larger point-spread function (Sec. 2), and it shifts the star image to and fro via the tip/tilt mode of a single aperture, or the piston model of an interferometer. We can approximate the power spectral density of a tip/tilt mode of a single telescope at low frequencies as, e.g., [13] [14] [15] 
up to a cut-off frequency f c = 0.24v/D. Here r 0 is the Fried coherence length, c λ is the observing wavelength,v is the effective wind velocity and L 0 is the turbulence outer scale in an exponential model (Eq. (7)) or the often used von Karmann model (Eq. (8)).
The effect of a large aperture is to change the cutoff frequency, reducing the instantaneous rms tilt, but it does not affect the long-integration time astrometric uncertainty. We evaluate this uncertainty by integrating this power spectral density multiplied by a sinc 2 function, i.e.,
Inserting typical values of L 0 = 100 m,v = 5 m s −1 , and r 0 = 0.1 m at λ = 0.5 µm, this gives a 0.18 uncertainty after a 20 s integration. For longer integration times, uncertainties decline rapidly, but are very dependent on the details of the turbulence outer scale. It is quite clear that star motions from bulk atmospheric flows do not cancel out when one star is observed at a time. This is one of the reasons that ground-based single-star astrometry has struggled to overcome atmospheric limitations and produce uncertainties below 0.02 . 
Dual Star Astrometry
When at least one additional star can be observed simultaneously with a target, relative astrometric uncertainties are significantly reduced. This is the case for seeing-limited imaging, adaptive optics assisted observations and long-baseline interferometry. As shown in Fig. 3 , in dual-star astrometry (often called narrow-angle astrometry), pupil-plane aberrations in telescopes, including piston phase offsets in a long baseline interferometer, cancel out for both stars observed. In the special case of very-narrow-angle astrometry, 17, 18 aberrations from the upper atmosphere also partially cancel out. A key atmospheric parameter in determining the uncertainties in dual-star astrometry is the isoplanatic angle, which is the angle at which the RMS phase difference between two thin beams traveling through the atmosphere is 1 radian. This is given by:
Ground layer turbulence changes r 0 andh equally, so does not affect θ 0 and can be ignored in astrometry (assuming that AO systems and fringe trackers still function). For typical 1 seeing at visible wavelengths, with turbulence spread throughout the atmosphere at an effective altitude of 2.5 km, we obtain θ 0 = 2.6 in the visible, and 16 in the K filter (2.2 µm). Isoplanatic angles are often used as a proxy for how far off axis guide stars can be to act as a coherent phase reference, for phase referenced astrometry or off-axis adaptive optics.
As apertures in both single-telescope astrometry and interferometric astrometry are typically larger than the Fried coherence length r 0 , observations can average over larger patches of atmosphere, filtering out high spatial frequency components of the atmosphere and obtaining larger coherent fields of view. This results in more advanced terminology, such as the isokinetic angle in laser-guide star adaptive optics, and the isopistonic angle in long baseline interferometry. We will ignore these effects here, and simply assume that the tilt or piston is measured for two stars separated by some angle. This is effectively an assumption that either the interferometric target flux is bright enough for simultaneous fringe tracking on two objects, or the aperture size is large enough so that off-axis phase referencing is viable. In addition, it is an assumption that an adaptive optics system can provide sufficiently high off-axis Strehl ratio in order to meet either of these conditions. These assumptions also limit the validity of our discussion to the long exposure time regime; fluctuations on short exposures will depend on aperture size, fringe tracking and adaptive optics details, but will average out. Finally, we will also use terminology of baseline rather than telescope diameter in discussing the effects of phase fluctuations on astrometric uncertainties, but note that telescope diameter can be roughly substituted for baseline in the case of single aperture measurements. With these assumptions, we can reduce the question of astrometric uncertainties to spatio-temporal correlations on a wavefront at heighth. The measurement of differential piston between two stars is given by:
Here ∆θ is the instantaneous astrometric error corresponding to a phase uncertainty on baseline B. We consider fluctuations in ∆θ as the vectors B and θ move around the wavefront by the spatial co-ordinatev∆T , or equivalently its reciprocal space vector κ.
It should be instantly clear that this uncertainty is zero for the lowest-order wavefront spatial frequencies, which correspond to a tilt on the wavefront ϕ. High spatial frequencies, with |κ| > 1/|θ|h and |κ| > 1/|B| will have twice the variance of a fringe on a single baseline, and will average out relatively quickly, while intermediate spatial frequencies are partially cancelled out in the dual star mode.
We can consider the power spectrum of ∆θ by recognizing that the sums and differences of wavefront positions expressed in Eq. (12) are equivalent to convolution in the Fourier domain. We then arrive at the two-dimensional spatial power spectrum of differential astrometry fluctuations:
Note that the term
can also be written as 0.0083θ
seeing,0.5 µm , where θ seeing,0.5 µm is the visible seeing disk full-width-half-maximum, and so is independent of wavelength.
Converting this spatial spectrum to a temporal spectrum involves considering the evolution of this differential astrometric signal as the wavefront moves past along the vectorsv∆T after a time ∆T (see Fig. 4 ). This is in turn an integral in κ-space, 19 along the dimensionless unit-vector directionê ⊥ , which is perpendicular tov, enabled by the decomposition κ = (f /v)ê + κ ⊥ê⊥ :
This integral can be computed numerically, and has been calculated for the four limiting geometries covering the relative directions of B, κ and θ, as shown in Fig. 5 . In all cases, the RMS astrometric uncertainty is ∼6 milli-arcseconds, although the long exposure uncertainties clearly differ between the different cases. The very different low-frequency behavior of the 4 cases mostly goes away once one averages over all wind directions, as seen in Fig. 6 . The flat power spectrum at low frequencies means that astrometric uncertainty goes as the conventional ∆T −1/2 , so long as the integration time ∆T is significantly greater than the wind crossing time of the baseline. Note also that higher wind velocities decrease the long-exposure uncertainties (i.e., the low frequency power), because a larger number of independent wavefront samples are included in the average. The long exposure uncertainty in dual-star astrometry comes from integrating the product of this frequency spectrum with a sinc 2 function, which is approximately the same as scaling the zero frequency intercept by √ ∆T , i.e.: This result is shown in Fig. 7 for the same atmospheric conditions as Fig. 5 , for binary separation parallel to the baseline, and for the same baselines as discussed in Shao and Colavita (1992) . 17 Different assumptions on turbulence profiles slightly change the numerical values in this relationship, but the key asymptotic relations remain the same. These are:
Multiple Star Astrometry
In practice, the great advantage of past astrometric imaging instruments over long baseline interferometry has been the ability for multiple reference stars to be observed. By tying together many astrometric fields with stars in common, multiplestar astrometry in principle means that an astrometric grid over the whole sky can be constructed. In practice, this is best done from space, with HIPPARCOS and Gaia providing the reference star grids for the future. Ground-based and future space-based narrow angle astrometry will be tied to these grids and have relative precision within a field limited by Gaia (uncertainties as small as one part in 10 10 ), but in principle can obtain much better precisions than Gaia for individual stars.
Multiple-reference star astrometry has never been attempted in long baseline interferometry (dual star astrometry is difficult enough!) but has been used in precision astrometric experiments on single telescopes using adaptive optics.
20,21
Although calibration has been difficult, this use of multiple reference stars has enabled astrometry at the 100 micro-arcsecond level, even on the relatively short baselines afforded by single telescopes.
We will consider idealized narrow-angle astrometry for two classes of multiple reference star astrometry here: two reference stars either side of a target, and three reference stars around a target with arbitrary vector separations. The angular separation vectors of these stars are θ 1 , θ 2 and θ 3 .
In the linear (2-star) case, where the reference stars are on either side of the target, the differential piston astrometric signal is formed from the fringe phases as:
The spatial power spectrum for the symmetric two reference star case is given by:
The only difference to the case with one reference star is that the second sine function is raised to the fourth power. For the three star case, the differential piston astrometric signal is formed from:
The weights, w = {w 1 , w 2 , w 3 }, come from solving the 3 × 3 linear system,
and ensure that the lowest spatial frequency aberrations in the upper atmosphere turbulence cancel out, with the higher spatial frequency terms averaging out relatively quickly. The power spectrum then becomes:
The power spectra for the 2 and 3 reference star cases are shown in Fig. 8 , and the angular-and baseline-dependence of the uncertainty of the 3-star case shown in Fig. 9 . The two reference star uncertainty is nearly indistinguishable from the case of three reference stars where two are separated by 160 degrees, so is not plotted. With these additional reference stars, the astrometric uncertainty is significantly smaller at small angular separations, with an an asymptotic power law with uncertainty proportional to |B| and |θ| 4/3 . 
Limitations of Real Instruments

A Narrow Angle Interferometer Archetype
For sky coverage reasons, astrometric observations are carried out between targets with separations larger than the diffraction limit of a single telescope. Since the field of view of interferometric instruments is traditionally the diffraction limit of its telescopes, an astrometric observation requires independent interferometric detectors, one per observed target. As for single telescopes where the astrometric measurement usually amounts to counting the pixel distance between objects in the focal plane, the distance between interferometric detectors needs to be measured. This is taken care of by a metrology system, as conceptually illustrated in Fig. 10 for a two targets observation. This metrology measures the internal optical path double difference ∆L int between the two targets (P , S) and the two telescopes (1, 2):
When the delay lines equalize the optical path through the telescopes for each target such that ∆L int + ∆L ext = 0, the differential external delay ∆L ext = − B · ∆ s is directly given by the internal metrology measurement:
Knowing the baseline B, and measuring the differential internal optical path ∆L int with the metrology, the separation ∆ s projected on the baseline direction is determined. For a complete knowledge of the separation vector ∆ s, multiple baseline orientations, super-synthesis, or a combination of both are needed.
External Fig. 10 . A narrow angle interferometer archetype. Two independent interferometric detectors Det P and Det S observe two targets P and S with two telescopes Tel 1 and Tel 2 . A metrology system (in red) measures the differential internal optical path
In practice, the metrology system measures the differential internal optical path ∆L int to within an zero-point ∆L int,0 , determined at the same time as the separation vector ∆ s:
One of the two following methods is used to independently identify the zero-point and the separation. Either the astrometric observation is performed over a range of hour angles large enough for the sine-like B · ∆ s to separate from the constant ∆L int,0 zero-point, or the separation vector ∆ s is inverted or zeroed to independently determine the metrology zero-point. An inversion of the separation is achieved by swapping the two observed targets between the two detectors, whereas a zeroing is obtained with one single target observed simultaneously by the two detectors. Both operations require special capabilities at the level of the dual-star, but for simplicity and efficiency reasons, the swap approach has always been favored.
Back-of-the-envelope error budget
In order to develop a realistic error budget for a narrow-angle astrometric observation, Eq. (26) needs to be supplemented by the effects of atmospheric turbulence and detector photon noise:
Since the contributions of the photon noise and the atmosphere, both with zero mean, have been extensively covered in Sec. 2 and Sec. 3, respectively, they will not be considered any further in this section. Neglecting the geometry of the observation, the error on the separation δ∆s relates to the error on the baseline knowledge δB and on the internal optical path difference δ∆L int as follows:
The fractional error on the separation, δ∆s/∆s, is a combination of the fractional error on the baseline δB/B and the fractional error on the differential internal optical path difference δ∆L int /∆L int . To illustrate, a precision/accuracy of 10 microarcseconds for a 10 separation requires better than a 10 −6 fractional error on both the baseline and the differential internal optical path difference. This corresponds to better than ∼100 µm on the baseline, and better than ∼5 nm on the differential internal optical path difference. Since the differential internal optical path difference is deduced from the differential phase ∆φ met of the metrology laser, as
the knowledge of the laser wavelength λ met is critical. To obtain a fractional error of 10 −6 on the separation, an equivalent fractional precision/accuracy is required on the metrology wavelength.
Depending on the scientific objectives of the astrometric observations, an absolute measurement of the separation might not be necessary, i.e., it might be sufficient to know the baseline length and the metrology wavelength to a scaling factor. In this case, the measured separation will be affected by that same scaling factor. However, since astrometry is a technique to observe the universe in motion, an eventual scaling factor has to be at least constant, at the levels described above, over the multi-year duration of the measurement.
Non-common path
The real challenge of interferometric astrometry is making sure that the metrology measures exactly the optical path experienced by the astronomical light. Any mismatch between the two qualifies as a non-common path error. Detailed analysis for some of these non-common path errors can be found in the literature; 22 we discuss some of them below.
Path coverage: Ideally, the astrometric metrology should measure the internal differential optical path difference from the beam combination point to the primary space where the baseline is defined. In practice, depending on the metrology implementation this may not be completely achievable. A telescope-differential metrology (measuring L 2,P − L 1,P and L 2,S − L 1,S ) injected on the back side of the beam combiner might not be able to go all the way up to the telescope, being blocked by the phase errors induced by the deformable mirror of an adaptive optics system (e.g., ASTRA on Keck Interferometer). On the other hand, a target-differential system (measuring L 1,P −L 1,S and L 2,P −L 2,S ) would be able to go through the deformable mirror allowing the internal differential optical path difference to be measured in primary space (e.g., Gravity on the VLTI), but at the expense of a non-common path between the injection on the back side of the two beam combiners.
Beam walk: When the footprints of the stellar and metrology lights are not the same, either due to a smaller metrology beam propagating in the central obscuration of the telescope (e.g., PRIMA on the VLTI), or to a smaller metrology sensor (e.g., Gravity on the VLTI), and when this footprint moves on imperfect optical elements, the stellar and metrology lights do not experience the same optical path. This effect can either appear as an additional noise in the astrometric measurement when, e.g., internal turbulence induces the beam motion, or as a bias when the motion is correlated with the astrometric observation sequence.
Chromatic effects: All interferometers have used the metrology laser at a wavelength outside the stellar bandpass. The refractive index of the material used in transmission has an impact on the measurement of the internal optical path. When the differential optical delay is not implemented in vacuum (e.g., in fluoride glass fibers for Gravity on the VLTI), Eq. (30) needs to be modified to include the refractive index n of the material.
The same level of requirement on the metrology wavelength applies to the refractive index. Polarization: Having all the arms of an interferometer with identical polarization properties is sufficient only to observe unpolarized sources. 23 The astrometric metrology being built around highly polarized lasers, these systems are bound to have issues that can impact astrometric measurements. As an illustration, the vibration metrology of the Keck Interferometer needed its polarization state to be adjusted with the attitude of the telescopes to operate reliably, 24 and the field derotator of the VLTI auxiliary telescopes had to be polarization-compensated to extend the astrometric metrology of PRIMA to the secondary mirror of the telescopes. 25 Due to the polarization properties of SgrA*, the impact of polarization on astrometry has been studied for the Gravity instrument of VLTI. 26 However, polarization has not been identified (yet) as the limiting factor of the astrometric performance of the instrument.
The non-common path terms above are the main reason for choosing the separation swap over the hour-angle coverage method of determining the metrology zero-point (see Sec. 4.1). Regular swaps on short timescales help reject temporal variations of non-common path effects into the metrology zero-point, reducing the impact on the separation measurement. This approach works as long as the swap operation itself does not introduce an astrometric bias, by, e.g., impacting the primary-space conjugation of the narrow-angle baseline, 27 as described in the next section.
Astrometric Baselines
In practice, one of the major limitations in astrometric interferometry is the definition of an narrow-angle astrometric baseline. 28 Where three or more reference stars are used, as is the case in single-telescope astrometry, variations in the astrometric baseline in principle cancel out by construction (Eq. (21)) and it simply becomes a scaling factor for astrometric shifts. However, for only a single reference star (i.e., all existing or planned long-baseline instruments), the astrometric baseline uncertainty becomes a relative astrometric uncertainty, as shown in Eq. (29) .
The definition of the narrow-angle astrometric baseline comes from the requirement of no optical path gap between the coverage of the internal metrology measurement, ∆L int , and the external delay, B · ∆s. Said differently, the internal metrology has to reach, at each telescope, the points that define the narrow-angle baseline B. Tying the baseline vector B to the Earth reference frame (ITRS), the transformation of the baseline to the star reference frame (ICRS) is sufficient to determine the B · ∆ s scalar product. The baseline vector must therefore be expressed in primary space, i.e., before any conjugation by the primary mirrors of the telescopes. If the metrology end-point does not reach primary space, its conjugation to primary space needs to be monitored against a primary space reference. Most larger telescope employed so far for astrometric interferometry have a pupil with a central obscuration caused by the secondary mirror. As such, the telescope pivot point, the only Earth-fixed point of an ideal telescope that the pointing axis intersects, cannot be observed from inside the instrument and therefore reached by astrometric metrology. To overcome this issue, different methods have been considered. For the ASTRA project on the Keck Interferometer (see Sec. 5.3), the metrology was terminated inside the adaptive optics system and monitored with respect to a primary space reference inserted between the segments of the primary mirror. For the Gravity instrument on the VLTI (see Sec. 5.6), the metrology extended directly into primary space, up to metrology receivers located on the spiders supporting the secondary mirror of the telescopes.
An absolute knowledge of the baseline is necessary for an absolute measurement of the separation. This raises the issue of the narrow-angle baseline absolute calibration. Past and present interferometers do not currently have readily available binary targets with separations known at the level of a few micro-arcseconds d and bright enough to be observable. This has been circumvented by transferring the wide-angle baseline, measured with a set of single stars with known positions and large separations, to the narrow angle baseline. 22, 27, 30, 31 This transfer adds a second layer of complexity to the baseline issue, as the adjustment of a wide-angle baseline model alone is not sufficient for the transfer from wide-angle to narrow-angle to be under control. The wide-angle pivot point and the absolute internal optical path difference, L int , need to be controlled as well for the single target measurements. 
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The focal plane of the interferometer was modified to simultaneously observe the two components of the double star α Gem, and study the atmospheric turbulence in the narrow-angle regime. No disagreement was found between this first observation and the predictions of a Kolmogorov turbulence model.
Palomar Testbed Interferometer
A more systematic exploration of the parameter space required a dedicated dual-star interferometer. The successor of the Mark III, the Palomar Testbed Interferometer (PTI) 34 on Mount Palomar (US), was constructed to verify the atmospheric limits and demonstrate the technologies needed for narrow angle astrometry. PTI had three 40 cm siderostats equipped with a dual-star separator generating a beam for each of the two observed targets, dual delay lines and differential delay lines to equalize the optical path for both targets, two interferometric detectors, one of them acting as a fringe tracker to compensate the atmospheric perturbations, and an astrometric metrology system covering the full optical path from the interferometric detectors to a retro-reflector at each siderostat in the path common to the two targets. The first narrow-angle astrometric measurements were obtained on the ∼31.5 separation binary 61 Cyg, 35, 36 and reached a stability in the range 100 -170 micro-arcseconds, which corresponds to a fractional error of ∼ 5 × 10 −5 . As a demonstrator with small apertures, PTI had limited sensitivity, preventing further astrometric investigations.
PTI also carried out very-narrow-angle astrometric observations, under a project named PHASES, 37 where the target pairs were fully contained inside the ∼1 diffraction limit of its 40 cm siderostats, and therefore did not require a dual-star module. A beamsplitter separated the light between a fringe tracker compensating the atmospheric piston and a science camera scanning through the two fringe packets generated by the pair. The astrometric separation was deduced from the separation within a scan between the two fringe packets. This type of astrometric observations, in the double packet regime, 38 is fundamentally different in concept and implementation from the narrow-angle astrometry presented in this review, being more related to imaging astrometry. 28 
Keck Interferometer
Successor of PTI, the Keck Interferometer project 24 on Mauna Kea (US) started receiving funding in 1998. 39 It was planned as an extension of the Keck Observatory twin 10 m telescopes, with four additional 1.8 m telescopes. 40 The 1.8 m telescopes had been planned from the beginning for narrow-angle astrometry, including a dualstar capability and some equipment to monitor the telescope's pivot points and the transfer of the narrow-angle baseline onto the wide-angle baseline. 30 The delay lines, similar to the ones at PTI, also had a dual-star capability. Despite having been built, the astrometric project with the 1.8 m telescopes was cancelled in 2006.
In 2006, the ASTRA project 41 on the Keck Interferometer started implementing a phase referencing and narrow-angle astrometry capability, but this time on the main 10 m Keck telescopes, with the observation of the galactic center as a main objective. ASTRA developed 31 a dual-star capability at the focus of the adaptive optics systems equipping the two 10 m telescopes, a 1319 nm double-pass astrometric metrology covering the optical path from the two existing fringe trackers to common retro-reflectors located in front of the deformable mirrors of each adaptive optics system, and a camera monitoring the conjugation of the astrometric baseline to primary space. Unfortunately, after delivering an off-axis fringe tracking capability, 42 ASTRA did not have time to demonstrate any astrometric performance before the Keck Interferometer ceased operation. 43 
Sydney University Stellar Interferometer -MUSCA/PAVO
The Sydney University Stellar Interferometer (SUSI) attempted very-narrow-angle dual-star metrology over the years 2011 to 2013, 44 in order to explore limits for astrometrically detecting planets in binary star systems. The dual-star system MUSCA (Micro-arcsecond University of Sydney Companion Astrometry) measured the fringes on a uniaxial beam combiner over the wavelength range 0.77-0.9 µm on either the primary or the secondary star, while the companion beam combiner PAVO tracked and recorded telescope-differential optical path differences on the primary star over the wavelength range 0.54-0.76 µm. Operating only over a field of view of up to ∼3 arcseconds and with a magnification of only a factor of 3 through the delay lines, optical paths were assumed equal for both observed stars stars up to the MUSCA/PAVO dichroic split, with a target-differential metrology system between the beam combiners. The wide-angle baseline and imaging baselines were kept in sync at the cm level (with upgrades identified for mm-level accuracy) by a pupil viewing and alignment system. This system successfully demonstrated phase-referenced interferometry at the level of 100 µas in the most favorable conditions. Potential paths to lower astrometric uncertainty were identified, including a more extensive control of non-common path aberrations and removing spurious reflections of metrology signals. However, the sensitivity of PAVO as a fringe tracker was ultimately inadequate for the exoplanet science case (approximately V∼5 in good conditions).
Very Large Telescope Interferometer -PRIMA
In Europe and Chile, the astrometry and phase-referenced imaging project PRIMA 45 of the Very Large Telescope Interferometer started being developed in 2000. It provided a dual-star capability 46 for the 1.8 m Auxiliary Telescopes (AT) and 8 m Unit Telescopes (UT), vacuum differential delay lines, 47 a pair of two-telescopes fringe trackers, 48 and an astrometric metrology system. 49 The installation started in 2008 and the first astrometric observations were carried out in 2011. By mid-2012, it became apparent that the astrometric performance of 3 milli-arcseconds for a 10 separation, which corresponded to a fractional error of ∼ 3 × 10 −4 , was not meeting the 10 −5 ∼ 10 −6 expectation. 27 Major shortcomings were identified in the implementation of the fringe sensors, the star separators, and the astrometric metrology defining the baseline. Polarization effects introduced by the field derotators of the star separators, combined with a polarization-based fringe sensor design, impacted fringe tracking performance and sensitivity, while the termination of the astrometric metrology inside the star separators induced large primary-space-conjugated astrometric baseline motions. These issues were partly addressed by compensating the polarization properties of the field derotators and extending the metrology to the secondary mirror of the telescopes. In its improved configuration, PRIMA demonstrated 25 a performance of 800 micro-arcseconds for the same 10 separation, but with a very unfavorable projected baseline of 30 m. Extrapolated to 150 m, this amounted to 160 micro-arcseconds, or a fractional error of 1.6 × 10 −5 , still short of the requirements of an exoplanet detection and characterization campaign. 50 Unfortunately, in direct competition with Gaia, 29 the space astrometry mission of ESA, the PRIMA project was put on hold in 2014 and cancelled the following year.
Very Large Telescope Interferometer -Gravity
Currently, the only narrow-angle astrometry instrument in operation on any interferometer is Gravity 51 on the VLTI. Started in 2008, Gravity is a K-band fully cryogenic two-object beam combiner installed at the VLTI focus. Its main objective is the study of the supermassive black hole at the center of our galaxy. As a second generation VLTI instrument, Gravity benefited from the experience with the previous generation of interferometric instruments, of which the evolution of its astrometric metrology design 52,53 is a good illustration. It includes two fiber-fed integrated optics 4-telescope beam combiners, 54 a low-noise infrared detector for its fringe tracker, active control loops for the stabilization of the fields and pupils, 55 and a novel 1908 nm astrometric metrology system. 56 The dual-star capability is contained inside the instrument itself and therefore has to work within the field of view delivered by the VLTI, ∼2 for the UTs and ∼4 for the ATs, which limits the sky coverage compared to past instruments but also reduces non-common path effects between the two observed objects. The astrometric metrology design chosen for Gravity is unique. The metrology laser light is split into two differentially phaseshifted beams, back-injected into the integrated optics combiners, and propagated toward the telescopes. A local metrology pickup measures the optical path difference between the two objects at each telescope input of the instrument. The signal level there is high enough to record the variations of the optical path differences, without wrapping errors, continuously throughout an astrometric observation. Because the metrology measurement is target-differential, rather than telescope-differential, the Gravity metrology can propagate past the deformable mirrors of the adaptive optics systems. Four additional metrology receivers are installed on the spiders of each telescope; they directly materialize the astrometric baseline in primary space. The pupil control loops measure the relative positions between the metrology receivers inside the instrument and the ones on the telescopes, and help unwrap the telescope metrology signals between subsequent measurements of an astrometric observation sequence. Because the differential delay capability is implemented in optical fibers, the control of dispersion is critical to the performance of the instrument, as presented in its error budget. 57 The first observations with Gravity, including its astrometric mode, were carried out in 2015 ∼ 2016. 9 As of late 2017, astrometric observations are carried out with a combination of the optical path measurements by the internal metrology pickup and the corrections from the pupil control loop. The fractional performance achieved is on the order of 5 × 10 −5 . The extension of the metrology to the telescope receivers, which was still under commissioning, should improve this fractional performance.
Conclusions and Forward Look
This chapter has focused on the motivation, principles and practice of ground-based astrometric interferometry, demonstrating that ∼ 1 micro-arcsecond precision is possible, but the technique still has many challenges, as the many attempts have shown. Recent experience has demonstrated that for sufficiently large telescopes, astrometric interferometry can observe astrophysically interesting and faint targets. The Gravity instrument for the VLTI has demonstrated routine astrometric precisions at the level of ∼ 50 micro-arcseconds, 58 and phase-referenced imaging down to a magnitude m K fainter than 17. 59 The astrometric precision of Gravity for the primary black hole science case 60 is enabled by the ability to track on fainter stars (e.g., Sgr A* itself), in turn enabled by off-axis fringe tracking and phase referencing, which is in turn enabled by the large apertures of the VLTI's Unit Telescopes. Indeed, the fundamental uncertainties described in Sec. 3 are as applicable to phasereferenced imaging as they are to dual-star or multi-star astrometry.
For ground-based instrumentation with large apertures, one of the key limiting effects, not described here, is the isoplanatic angle for natural guide star adaptive optics. Achieving sufficient sky coverage for a significantly expanded impact with a ground-based system then requires laser guide stars, and possibly a multi-conjugate system at each telescope to increase the field of view in 8 m class telescopes to >30 . However, this potentially adds systematic uncertainties, 61 and therefore almost certainly requires 3 reference stars. Such a system would be a major undertaking, but as shown in Sec. 2 and Sec. 3, it could achieve a precision level of less than ∼ 1 micro-arcsecond and be limited primarily by the Earth's atmosphere.
There are no major space-based interferometer studies at the present time, with the Space Interferometer Mission (SIM) 62 having been cancelled, and the cost of a competitive mission based on those previous studies being in the >1 B$ range. Nonetheless, in the context of Gaia's anticipated exoplanet results, it may be worthwhile reconsidering a range of space interferometer concepts in the near future.
